Abstract-In this contribution we study the optimal power allocation scheme for a coded multicarrier transmission. Specifically, we focus on a bit interleaved coded modulation (BICM) packet transmission implemented with Orthogonal Frequency Division Multiplexing (OFDM) and in the presence of automatic repeat request (ARQ) protocol. Based on a simple lower-bound of the rate of information bits received without any error, the so called goodput, we develop a power allocation strategy among the different subcarriers so that the system goodput performance metric is maximized. We also demonstrate the optimality of the solution for the proposed objective function under the given power constraint. The effectiveness of the power allocation policy is numerically testified for BIC-OFDM transmission in the context of typical indoor environment.
I. INTRODUCTION
At the high data rates typically required to support multimedia services, harsh multipath propagation conditions are typically experienced in both urban outdoor and indoor terrestrial scenarios, thereby making the design of an efficient and reliable transmission scheme a particularly demanding task. A viable answer to this need consists in a cross-layer design approach where a mix of up-to-date efficient techniques for modulation, channel coding and link adaptation are properly combined. In the context of high data rate transmissions over wireless frequency selective channels, one of the most efficient modulation formats is represented by multicarrier (MC) techniques. In the form of orthogonal frequency division multiplexing (OFDM), MC schemes have been embedded in several standards such as Wi-Fi WLAN IEEE 802.11 a/g/n, Wi-Max broadband wireless access IEEE 802.16, and digital audio and video broadcasting (DAB and DVB). In order to further increase the system robustness against the troubles arising from the wireless propagation channels, an efficient modulation scheme has to be combined, however, with an as much as powerful channel coding technique. This is the case of BICM, which was proposed in 1992 by Zehavi as a pragmatic coding scheme for bandwidth-efficient communications [1] . This is based on the insertion of a bit-interleaver between the channel encoder and the modulator in order to increase the diversity order. Later, a theoretical foundation for BICM was given by Caire, Taricco and Biglieri [2] . Different methods to evaluate the performances of BICM systems have been proposed. Most of them are based on the union bound and the expurgation technique proposed in [2] . Recently, in [3] , thanks to the binary-input output-symmetric (BIOS) nature of the channel, a simple yet accurate computation of the Pair-Wise Error Probability (PEP) based on the saddlepoint approximation has been provided. In [9] this approach has been extended to the MIMO-BICM systems. The superior code diversity and the design flexibility of BICM have motivated many common wireless applications. For instance IEEE 802.11 WLAN is an application of BICM which is implemented with OFDM.
The goal of a cross-layer design is fully achieved on condition that efficient link adaptation schemes be properly employed as well. The idea is to optimize the overall system performance under the constraint of fixed radio resources. To this end, the water-filling policy [11] has gained a considerable interest to power and bit resource allocation across the subcarriers of a OFDM-based system. In [4] , through the extension of the conventional BICM-OFDM Pair-Wise Error Probability (PEP) analysis, a bit and power allocation algorithm has been proposed to improve the total bit-rate. However, in some WLAN-based applications, only error-free packets are kept by the receiver, while the others are retransmitted through an automatic repeat request (ARQ) retransmission mechanism. Therefore, an optimized allocation strategy has necessarily to maximize over the available resources the number of transmitted bits in the error-free packet by unit of time, or goodput for short. Based on the above baseline and differently from the works published so far in the literature, the aim of this paper is to present a power allocation strategy that aims at improving the goodput achievable in a packet-based BICM-OFDM sytems. The theoretical foundation of the allocation algorithms consists in a simplified PEP analysis. After delineating in Sect. II the BICM-OFDM model, Sect. III will be devoted to the evaluation of a simple upper bound of the goodput metric. Simulation results will be provided in Sect. IV for a typical WLAN scenario, followed some concluding remarks in Sect. V.
Notations: Matrices are in upper case bold (e.g., W), while column vectors are in lower case bold with an underscore (e.g., w). Also, (·)
T is used to denote the transpose operation and D(·) is the diagonalization operator which converts an N -dimensional vector into an N × N diagonal matrix. Finally, E V {·} is the statistical expectation over the random variable (RV) V , 1 denotes the vector with all entries one and p(V |E) is the probability density function (p.d.f.) of V conditioned on the event E. . The latter parameter is independent of the OFDM block and is kept constant during the whole packet transmission.
II. SYSTEM DESCRIPTION AND PERFORMANCE ANALYSIS

A. System Model
A bit-interleaver (Π) randomly maps the generic coded binary symbol b k into one of the bits carried by the symbols of the OFDM subcarriers according to the notation shown below
where
is the interleaver operation that maps the index k of the coded binary symbol into a set of three coordinates: l k denotes the position of the OFDM block within the frame , n k denotes the position of the subcarrier , and i k denotes the position of the bit within the modulation symbol allocated into such subcarrier. The interleaver is assumed to be fully random, so that the probability of mapping the generic coded binary symbol b k (taken out of the available N c ) into the generic bit c l,n,i , with
The interleaved bits are then Gray mapped into QAM symbols. The M (n) -QAM signal set used in the subcarrier n is defined as χ
, and its symbols are suitably normalized such that
l , belonging to the set χ (n) , is sent on the subcarrier n during the OFDM block l, and E x
The average transmit power allocated to the generic subcarrier n is P
, so that the constraint on the average transmit power per subcarrier is expressed by
where S is the maximum value of the average power which can be allocated to every subcarrier. The data symbols are frequency mapped to the N available subcarriers using an Inverse Discrete Fourier Transform (IDFT) unit, which provides one sample every T s seconds. A conventional cyclic prefix (CP), whose length is N cp samples, is inserted at the beginning of each IDFT output block to maintain the subcarriers orthogonal with each others and avoid interference between successive symbols. The resulting OFDM signal experiences a frequency selective fading channel, and we will assume the channel stationarity during the whole packet (or OFDM frame) duration.
At the receiver side the samples are collected into blocks of size N + N cp . After CP removal, they are transformed by a DFT unit of size N . Let us focus now on the transmission of the coded binary symbol b k . According to the notations outlined above, after interleaving and modulation mapping, the bit is included into the QAM symbol x
The expression of the sample relevant to subcarrier n k in the OFDM block l k , at the output of the DFT unit of the receiver is
and w
is a zero-mean unit-variance complex Gaussian RV representing the channel noise contribution. For the sake of simplicity, we resort to the following vectorial notation which includes all the subcarrier samples relevant to OFDM block l
, while the symbol and the noise vectors are
B. Goodput Evaluation
In the current section we provide a theoretical characterization of the goodput (GP) of the system outlined above. Let first consider two distinct codewords, i.e., two sequences of coded binary symbols which originate from the same state and merge after d trellis steps, and let denote them as ddimensional arrays b and b , whose kth element is b k and b k , respectively. We also denote withb a codeword at the decoder output. The first step of our analysis will be evaluate the pairwise error probability (PEP), defined as
In case of ideal channel state information (CSI), i.e., assuming that the actual value of the random channel gain A is known, the BICM log-likelihood metric for the kth coded binary symbol at the decoder input can expressed as
where χ
represents the subset of all the M-QAM symbols ξ
(n) whose ith bit is equal to a. Under the assumption of ideal interleaving, the BICM subcarriers behave as a memoryless BIOS channels and the PEP can be computed as the tail probability [3] P EP = Pr
where we defined Θ
Unfortunately, the computation of (9) by the p.d.f. of Θ is too involved.
Exploiting the fact that the log-likelihood ratios Λ k are i.i.d. RVs, a simple method to estimate the PEP (9) is the Bhattacharyya Bound, given by
where M Λ (s) Δ = E Λ k {exp (sΛ k )} is the Moment Generating Function (MGF) of the RV Λ k andŝ is the saddlepoint. We remark that, for BIOS channelsŝ = 1/2 and the Bhattacharyya Bound coincides thus with the Chernoff Bound [3] . As demonstrated in [10] the MGF can be approximated as
is the probability that a codeword bit is sent through the nth subcarrier in the case of ideal random interleaving and d
denotes the minimum Euclidean distance between the symbols in the complete QAM set χ (n k ) associated with the subcarrier n k . Let us remark that, for a given channel status A, the PEP doesn't depend on the codewords (i.e., on the data sequences) b and b , but only on their Hamming distance d, so that we can adopt the following notation: P EP = Pr(d|A). Then, by using the union bound, the packet error rate (PER) P u (A) is bounded by
where ω (d) is the weight of all the error events having Hamming distance d, and d free is the minimum distance between two codewords. Due to the complexity of the problem, in order to provide a manageable expression of the goodput, we will use the Battacharyya bound. Further, for the sake simplicity, let us refer to the Battacharyya PEP upper bound simply as PEP. Replacing the PEP (10) in (13), we get
The goodput (GP) is defined as the number of data bits delivered in error-free packets per unit of time. Assuming the transmission and re-transmission of the packets controlled by the selective-repeat (SR) ARQ scheme described in [7] and taking the OFDM symbol interval as the time reference, we can express the goodput as
III. OPTIMAL POWER ALLOCATION
This section describes the power allocation strategy to improve the system goodput performance.
A. Problem Formulation
Let us note that the only term in the goodput expression (15) that depends on the signal power is the PER P u (A). So, in order to maximize the goodput it is sufficient to find the set of values for the power coefficients {p (n) * } N n=1 that minimizes the PEP for each value of the Hamming distance d. This section outlines the structure of an iterative procedure that minimizes the PER upper bound given in (14), which will be addressed to as Goodput-Oriented Power Allocation policy (GOPA). First of all, recalling (5), (10) and (11), let rewrite the PEP as a function of the power allocation:
where γ
and denote the vector containing the power allocated on the subcarriers with p
Because the monotonicity of the PEP with respect to 1 T · p we can solve the equivalent optimization problem given by
is the natural logarithm of the PEP. Exploiting the CauchySchwarz inequality, can be easily demonstrated that
for each real vector v when p (n) > 0, ∀n, where 2 F p is the Hessian of the objective function. Consequently, F p is strictly convex over the set of feasible power allocations. This means that the optimization problem belongs to the class of convex optimization problem, where a convex objective function is to be minimized subject to a convex constraint set. According to the convex optimization theory, there is a unique vector p * such that
In other words every local optimum is also a global optimum or, equivalently, the derivative of F p from the optimal power allocation p * to any other point is positive:
The inequality (23) can be re-written as [5] 1
Since the left-hand side of (24) so that the ith point is defined as p (i) = N and p (k) = 0, ∀k = i. Substituting into the inequality we get
(25) Moreover, when p (n) > 0 ∀n, the directional derivative in (23) vanishes and (24) becomes a strict equality. Let us remark that at the optimal point the value of the partial derivative of F p with respect to p (n) doesn't depend on n. Roughly speaking, when p (n) * > 0 ∀n, the derivative with respect to the power allocated over all subcarriers at the optimal point must be a constant value. Bearing in mind what discussed so far, an heuristic method to allocate the power among the subcarriers is outlined hereafter.
B. Power Allocation Algorithm
First of all, we take the derivative of the PEP natural logarithm, with respect to the coefficient p (n) of the power allocated on the generic nth subcarrier
Starting with all the channels switched off, i.e. p (n) = 0, the derivative (26) is given by
The power allocation algorithm can be summarized as follows:
• initialize p (n) = 0, ∀i. Sort the absolute values of the derivative (27) in the decreasing order and denote the corresponding subcarrier indexes by the vector
when p
indicates the power increment for the first step. From (28) we get
• In the second step, increment the power of both subcarriers n 1 and n 2 , imposing that
Substituting (26) in (30) and after some manipulation, we obtain
We remark that equation (31) means that the power allocated at the second step yields uniform SNR increment. In other words, the SNR on either subcarrier has to be incremented by the same quantity. This result is obtained for each step and for each subcarrier.
• The power gain of n 1 and n 2 is incremented until their derivative is the same as the derivative on n 3 . From this condition we can get the power allocation at the second step, and so on. Generalizing at the kth step the power expression and using the power constraint 1 N p
we obtain the optimum power allocation policy given by
where N is the number of subcarriers with a non-null power allocation and is the average of γ (ν) over the useful (active) subcarriers. Finally, substituting the GOPA solution into the condition (25), its optimality is easily demonstrated.
IV. SIMULATION RESULTS
The effectiveness of the proposed power allocation policy in improving the goodput performance of a BICM-OFDM system in the presence of frequency selective channel is verified through numerical simulation. The performance of the proposed power allocation is also compared to the non adaptive scheme and the classical "water-filling" power allocation.
A. System setup
In the sequel, we will focus on a BICM-OFDM scheme with N = 64, N cp = 16 and sample interval T s = 50 ns. The system operates with code rate R = 1/2 and QPSK modulation for all the active subcarriers (m (n) = 2, ∀n). The resulting bit rate is thus R b = Nm (n) R/(T s N ) = 20 Mbit/s. The signal experiences a 6-tap multipath channel, wherein each path is modeled as a Rayleigh channel independent from others and the maximum delay spread is 0.6μs . We have assumed a data packet length of 1 kbit.
B. Numerical Results
Let us now evaluate the system performance improvement that can be achieved when the proposed power allocation policy is applied. The results depicted in Fig. 2 show the MGF function evaluated at the saddlepoint for a given channel realization and for different power allocation strategies. The curves refer to : i) uniform power distribution (squares); ii) water-filling power allocation (triangles); iii) GOPA algorithm (circles). Recalling the definition of the Battacharyya bound (10), we note that these curves are effective in guaranteing a better minimum PER performance with respect to the others strategies considered (and then in terms of Goodput when the same bit allocation strategy is assumed). The test shown in Fig.  3 deals with the goodput performance. The GOPA algorithm is shown to achieve a maximum gain of 16bit/OFDM symbol with respect to the uniform power allocation and 4bit/OFDM symbol with respect to the water-filling. V. CONCLUDING REMARKS A theoretical goodput analysis for the BICM-OFDM system under frequency selective fading channel has been presented. Based on this, we derived a power allocation policy to maximize the goodput performance and the optimality of this solution has been analytically demonstrated. The proposed approach has been verified by computer simulations under typical operating conditions. Numerical results have shown the effectiveness of the proposed strategy. The simulations show a goodput improvement with respect to the non adaptive case and to the "classical water filling" policy.
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